We investigate the linear stability of a shock profile for a rate-type viscoelastic system with relaxation. The linear stability of shock profiles for a general initial perturbation is proved by introducing new waves through time-asymptotic expansion and using energy estimates.
Introduction.
The purpose of this paper is to contribute to the investigation of the stability of shock profiles for a viscoelastic system with relaxation. Namely, consider where v and (-p) denote strain and stress, u is related to the particle velocity, E is a positive constant, called the dynamic Young's modulus, and r is the relaxation time. The model (1.1) was proposed in [SU] to approximate the following system of conservation laws:
vt-ux= 0, ut + (PR(v))x = 0.
For any given shock wave (s;v~,u~;v+ ,u+) of (1.3) satisfying the entropy condition, it has been proved in [HL] that the system (1.1) admits a smooth travelling-wave solution:
(■v,u,p)(x,t) = (v,u,p) (y) with ± 5 ± lim p(y) = p± =: Pr^) >±0O lim v(y) = v , y->±oo lim u(y) = u±, y->± oo satisfying (1.1), where y = (x -st)/r. We call (v,u,p) the shock profile. The nonlinear stability of the shock profiles for the system (1.1) has been proved by Hsiao and Luo in [HL] , but there is a restriction in this paper, which says, J(v0(x) -w(a;)) dx = 0, J(uo(x) -u(x)) dx = 0.
(1.4)
Here and below an integral lacking limits of integration is understood to be an integral over the whole real line. The purpose of this paper is to investigate the stability of shock profiles without the restriction (1.4).
The stability of elementary waves for a 2 x 2 relaxation model has been proved in [LI] . In this case, the corresponding equilibrium equation is a scalar equation of conservation law. Therefore, a generic perturbation of a shock profile produces only a translation. However, when we treat the system (1.1), the corresponding equilibrium system (1.3) is 2 x 2. A generic perturbation of a shock profile produces not only a translation but also some new waves.
It is known that the second-order expansion of (1.1) is similar to the Chapman-Enskog expansion for the Boltzmann equation, which is a 2 x 2 system with viscosity. Based on this fact, we construct some new waves with diffusive properties that carry the "excess mass".
Our new waves are composed of two parts. The first part has the form of -L_to( )r\, while the second part has the form of ^j-j-mi(x~^^1^) A , where Ai,ri are the eigenvalue and the right eigenvector of (1.3), respectively. A is a vector to be chosen in section 2. We require that the first part carry the "excess mass", while the second part carries the net "zero mass". To be definite, let us call the first part the diffusive wave and the second part the high-order correction.
The idea for constructing the above waves is motivated by the following time-asymptotic expansion. Suppose the shock wave belongs to the 2-family of (1.3), and suppose (v, u,p) is the shock profile. We perform the following time-asymptotic expansion for the solution (v,u,p) :
The expansion of p has the same form.
(2.1)
There is an extensive literature on the stability of viscous shock waves; see [LIU] , [SX] , [GO] , [MN] , etc. The main difficulty in dealing with the stability of the shock profile for the system with relaxation is that the dissipation of relaxation is weaker than the viscosity. For simplicity, we investigate linear stability as the first step. We believe the idea developed here is basic to the study of nonlinear stability. The phenomenon of relaxation is important in many physical situations. Some important progress has been made in this subject. We refer to [CE] , [PI] , [NA] , [IN] , [KM] , [CP] , [LI] , [CLL] , [X] , [ST] , and the references there.
2. Shock profile; Diffusive waves; Decomposition of the solution.
In this section, we discuss the properties of the shock profile, and establish the explicit expressions of the new waves that will play a crucial role in our stability analysis. At first, we give some assumptions on the function pr for s > 0, and (2.2) takes the inverse inequality for s < 0. A shock profile is a smooth travelling-wave solution for (1.1), namely, a solution in the form
We assume that r = 1 for simplicity. Thus, (v,u,p) satisfies the following equations:
It is proved in [HL] that the system (1.1) admits a smooth travelling-wave solution (shock profile) under the following subcharacteristic condition:
Moreover, the shock profile is unique up to a shift of y.
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To be definite, we assume s > 0 and then v+ > v~. Thus, the condition (2.5) becomes 0 < s < VE. (2.6)
As mentioned in section 1, we investigate linear stability as our first step. The linearized system of (1.1) at the shock profile (v,u,p) is the following system:
Consider (2.7) with the initial data:
Then we can decompose them as follows:
Suppose that the shock wave is sufficiently weak, i.e., £ =: |i>+ -»~| < 1 (2-11) so that the vectors (v+ -v~,u+ -u~)T and (1, yj-p'R(v~))T are linearly independent (noting that the vector (1, ^/-p'fl(v_))T is the right eigenvector belonging to the 1-family). Thus, the translation x$ of the shock profile and 6 can be determined uniquely. We decompose the solution as follows:
As mentioned in section 1, we hope that the new waves (the second and third terms in (2.12)1,2) with base state (v~,u~) have some diffusive properties, move along a 1-characteristic direction and carry the "excess mass" 6(1, p'R{v~))^ . Then we require m(x, t) to have the form of
where Ai(i>~) = -y/-p'R(v~). Similarly, we let mi{x,t) = m\(z). As a stability criterion in [LI] , the following subcharacteristic condition should be It has been proved in [HL] that v~ < v(y) < v+. Then vy(y) > 0 is implied by (2.2) and (2.6). Thus v~ < v{y) < v+. We claim that the entropy condition B implies the Lax shock condition due to the convexity of [jr. namely,
In fact, Pr{v) ~ Pr{v~) v -vf or v~ < v < v+. Hence, s2 < -p'R(v~), and similarly we obtain s2 > -p'R(v+). Thus, there exists j/o £ R1 such that s2 = -p'R(v(yo))-Without loss of generality, we can assume that yo = 0. Then s2 + p'R(v(y)) < 0, y< 0, and s2 + PR{v{y)) > 0, y> 0.
(2.38)
Moreover, p'R{y{y)) is strictly increasing with respect to y since pR(v) > 0 for v~ < v < v+ and vy(y) > 0 for y £ R. Differentiation of (2.37) with respect to y yields
Hence, we see
It is easy to get from (2.37) that 0 < vy(y) < Ce (2.41) for y € R and some positive constant C.
A combination of (2.38), (2.40), and (2.41) gives (2.35). The bounds (2.36) can be obtained easily from (2.35) and (2.37), which finishes the proof of Lemma 2.1. Remark 2.1. n(x,t) (t + \)~l/2m(x,t) solves the following equation:
nt + \\{v~)nx = {E + p'R(v~))nxx.
When one studies nonlinear stability, n can be constructed as the solution of the following equation:
where n is the right eigenvector belonging to the 1-family.
3. Stability analysis and the main result. Our main goal is to show that the solution to (2.7), (2.8) converges asymptotically in time to the shock profile. It is stated in the following Theorem 3.1.
Theorem 3.1. Suppose the function pr satisfies the condition HI) and that the subcharacteristic condition (2.24) is satisfied. Let (v,u,p)(x + x0 -st) be the shock profile of (1.1), and let xo be the translation uniquely determined through (2.10). Suppose that the initial data (v0,uo,po)(x) satisfies (w0 -v,u0 -u,po -p) € Hl(R) and that J (1 + :r2)(i>o(a:) -v(x + x0))2 dx <+oo, (3.1)
(1 + x2)(uq(x) -u(x + x0))2 dx < +oo. for the smooth solution w(x,t) =: (v,u,p)(x,t) of (2.7), (2.8) and the shock profile w =: (v, u,p) .
Before the proof of Theorem 3.1, we reset the problem on the moving coordinate (y, t) with y = x + Xq -st. It is natural to let I dr V(y,t)=f v*(r, t) dr, U{y,t) = f u*(r,t)t J-OO J-oo due to (2.34). Thus, V(±oo, t) -U(±oo, t) = 0. (3.5)
We also let P(y,t) = p(y,t). From (2.30)-(2.32) we see that (V,U,P) satisfies the following equations:
Vt -sVy -Uy -^d\i1(t+ 1 )~1(zm)y, (3.6)
Ut-sUy + P = -U(t + l)-1(zm)y, (3.7)
LINEAR STABILITY OF SHOCK PROFILES 577 (P + EVy)t ~ S(P + EVy)y = ~P+ P'R(v)Vy
Equations (3.6)-(3.8) give
Pt -SPy + EJJyy + P ~ P R(v)Vy
The first term in the right-hand side of (3.9) has a sufficiently large decay rate due to the different propagation speeds of shock and diffusive waves (see (3.12)). The weighted Poincare inequality (see [HaL] , Th. 328) gives
Jo
Therefore, V(y,0) = Vo(y) £ H2(R). Similarly U(y, 0) = Uo(y) € H2(R) and we know that P{y, 0) G Hl{R).
In a routine manner, it is easy to know (at least for a weak shock) that (3.6)-(3.8) with initial data (Vo(y), Uo(y), Po(y)) admits a unique smooth solution (V,U,P) satisfying e H2(R), P(-,t) € ^J(i?) for all t > 0 because (3.6)-(3.8) is a linear system. This fact can also be proved by using Lemma 3.2. To prove Theorem 3.1, it is sufficient to prove the following a priori estimates.
Lemma 3.2. Suppose (V,U)(-,t) e H2(R), P(-,t) G H^(R) (0 < t < T0) is the smooth solution of (3.6)-(3.8) with the initial data (Vo(y), Uo(y), Pq(y)). Then there exists a positive constant £o such that if e = \v+ -w~| < eo, then it follows that \\V(.,T)\\l + \\U(;T)\\l + \\P(.,T)\\l [T(\\vy(-,mi + \\Uy(-,t) \\i + \\P(-,t)\\idt Hereafter we use C to denote a generic constant independent of T and To without confusion. Without loss of generality, we can assume that xq = 0 for convenience. We use || • ||fc to denote the norm in Hk, and use ||-|| to denote the norm in L,2- We write m(z) as
Also, we note that s -X\ >0 due to Ai < 0. It is easy to verify (3.12) by dividing the integral interval into (-oo, -|(s -Ai)(£ + 1)), (-^(s -Ai)(t + 1),0) and (0, +oo), and use (3.13), (3.14) on the different intervals.
A similar estimate holds when we use my(y,t) instead of m(y,t) in (3.12). Integrate where £ is an arbitrarily small positive number that will be determined later on.
It is convenient to write the equations of (V, U, P) as with A~x = -p'R(v), P = sUy -Ut -\ d{t+ 1 )~l(zm)y.
By an approach similar to that used in [KM] , [HL] , and [X] , we discuss the equation
The left-hand side is reduced to {\V2 + \AU2 -AUP + \sAyU2}t + EAU2 + \sAyU2 -AP2 + (E -s2 Since EA > d\ > 1 for a positive constant d\ due to the subcharacteristic condition (2.24), we can choose k suitably such that, in view of Lemma 2.1, EA -k( 1 + \sEAy) > d2 > 0 (3.25) and {k -l)A + IsAy >d3> 0 (3.26)
for some constants d2, d$, if the shock is suitably weak (i.e., e is suitably small). We can write some terms appearing in (3.24) as follows:
(zm)yV = -(zm)Vy + {---}y, 
